CRACK GROWTH IN HYDRAULIC ROCK FRACTURING

Yu. A, Peslyak UDC 539.8

Various mining processes involve the injection of liguid under pressure into existing or newly-
produced points; examples are hydraulic fracturing in oil, fracturing in coal seams, and oil
displacement at elevated pressures [1, 2]. Studies have been made [3, 4] of vertical and hori-
zontal crack growth in response to a noninfiltrating liquid. In those cases, the actual pres-
sure distribution in a joint was replaced by the statically equivalent uniform pressure on part
of the joint surface. Here we propose a treatment that handles such topics reasonably effec-
tively and does not involve the assumption of uniform pressure distribution. A system of
equations has been derived for a vertical symmetrical crack to define the Cauchy problem for
the crack volume, The quasistatic equilibrium condition for the crack and the solution are
very much simplified if a system of mobile elliptical coordinates related to the crack is used,
An analogous approach has been used in examining the growth of a circular horizontal crack,

1. Consider a vertical crack disposed symmetrically with respect to a borehole,

As the crack propagation rate is small by comparison with the speed of sound, we can neglect dy-
namic effects and consider crack growth as a quasistatic process. Also, one can assume that the strain
is described by the linear theory of elasticity, and that the liquid flow in the crack is laminar.

The projection of the crack on the horizontal xy plane at an instant t is represented by a section
along the x axis from — [ (t) to I (t); the state of strain in an unbounded rock body containing the crack may
be determined by the method of [5] for planar deformation. As the situation is symmetrical, we have a
condition for the bounded stresses at the ends of the crack:
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where p(x, t) is the pressure of the liquid in the crack, and Qo =70y (0) =—0

y(oo) is the lateral pressure in
the undisrupted rock body.

The following is the normal component of displacement of points on the edges of the crack:
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where E and v are the elastic modulus and the Poisson ratio for the rock,

The condition for flow continuity for an incompressible fluid in a crack is put in the form

2 Q8(x)=0,
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where q(x, t) is the volume flow rate of the liquid through the crack section, Q(t} is the flow rate of the
liquid pumped into the crack, and 6(x) is a delta function,

We integrate thé latter equation and use the symmetry to get
19 _
9@+ M—2-1(x)1=0,

where 1(x) is the unit Heaviside function (1(x) = 0 for x < 0 and 1(x) = 1 for x = 0).

For planar laminar flow of the liquid we have

2d3 dp

¢=—hg5

where 2d = v+—v— = ZV; is the width of the crack, h is the thickness of the rock bed, andy is the viscosity
of the liquid.¥

At the ends of the growing crack x = £, where d — 0, the pressure gradient is 8p /Ax — + «, and the
flow rate is finite at q(=1) = £ Q/2.

From the two latter equations we get the condition for continuity of the flow in the form

2o
3y Oz

—Zp—2.1@)=0. (1.3)

The condition for conservation of the mass of liquid gives

3
2h f vy (2,8)dz —Q = 0, (1.4)
-1
where the volume of the crack is

¢
Q=0 - j‘th_ (1.5)
§

For a given Q(t), Egs. (1.1)-(1.4) constitute the system of equations for the unknown functions ! (t),
v;(x, t) and p(x, t); we also have to specify the initial length and volume of the crack 7 (0) =1; and 2(0) =Q,.

If the liquid flow rate is unknown, while the pressure at the borehole column P, is given, we add to
these equations the following:

p0,5)=pd?). (1.6)

In that case, (1.1)-(1.6) defines the Cauchy problem for the crack volume § subject to the initial
condition

Q(0)=12,. 1.7

In this formulation, the crack has a nonzero length at t =‘0; the initial width and pressure distribu-
tion are defined by (1.1)-(1.4).

We introduce mobile elliptical coordinates p and ¢ that are linked to the crack:

1 I 1 .
:c:-i-(p+ -p—)cosﬂ; y:'—ﬁ(p—T) sin®. -

We have p =1 at the edge of the crack, while the values 2n7 =¢ =< (2n + 1)7 correspond toy = + 0 and (2n +
Dr=d=<20+rtoy =—0n=0,+1,+2,...).

We put p(d, t) = pll (t) cos 4, t] and v(s, t) = vﬂ}“,[l (tyeos(#, t)] to represent the above relationships as
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0
P(%’ t):‘: pc (t)’ (1.63.)

where r(s) = sign(sin ¢) is a Rademacher function, and introduce the following units for length 7, stress
E/(1 - vY, and time nl(1 — v*)/E], while for the dimensionless quantities we retain the symbols for the
corresponding dimensional ones.

We represent the pressure in the form
PO =Po(®)+ 3 palt)cosnd, (1.8)
n==2,4,..,

and get from (1.1a)-(1.4a) and (1.6a) that

Polt) =Jes {1.1b)
N i N9 sin(p—1)9
o (8, 1) = 1(t) 2, Pn(t)(sm,f?:) e )? (1.2b)
n=2
-] o 3
42 () : sin(n+0® sin(n— )% 0 _
mgznpnsmnﬁ[gzpn( e )] + 5 r@)=0, (1.3b)
(r(ﬁ) :% Z six;nﬂ);
n=1,3,...
2 1 Q
al’py (t)+ - = 0; (1.4b)
Joo + n.go (= 12 palt) = pc (). (1.6b)

We multiply (1.3b) by sinns and integrate from 0 to 27 and then put n = 2, 4, 6, ..., to get an infinite
system of algebraic equations of fourth order for the coefficients py{t); these equations go with (1.4b) to
constitute a complete system of equations for all pn(t) and [ (t) for the given liquid flow rate. If the injec-
tion pressure is given, we use also (1.6b) and the initial condition of (1.7).

We restrict consideration to a single term in the sum of (1.8); then from (1.6b) we have App(t) =pp —
d,, = ~Py(t), and from (1.3b), and (1.4b) we have

7
7 al2Apt — % =0 (1.9)

Q
2 N
nl?A pe h 0. (1.10)

For t = 0 we have from (1,10) that
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Qy=nhAp(0). (1.11)

For the given pressure we have from (1.9)-(1,11) that

t
.

Q = whAp, (0) exp oy | Ap3 (t)dt
0

and the other parameters of the process.

In particular, for a constant pressure in the column we have
7 4 7 3 T ]
Q = 5 ThApc exp 3= Apct; Q= ahApcexp g Apet;
7 8 7
l=expg Aplt; 2d.= 5 Apcexpg; Apdt,

where 2d, is the width of the erack at the column,

All the parameters increase exponentially with time, the exponent being proportional to the cube of
the parameter in the column and inversely proportional to the liquid viscosity and to the square of the

elastic modulus of the rock.

It can be shown that incorporation of the subsequent terms in (1.8) merely alters the numerical factor
in the exponent somewhat,

For a given flow rate we have from (1.9) and (1.10) that

Ap, () _(270) S ) = (L E*_)é

2778 QA3

where Q is defined by (1.5).

From (1.11) we have

[N

ape (0) = | Z 01

For a steady flow rate with a developed crack, where Q > Q, and consequently 2 = Qt, we have

27\173 —1/3, 7 \V6 /0 s
APC—( ) t ; 3_( /13) (T}

—_8 27 1/6 0'1,; 13
2= 5(w) (8]

If the flow rate is constant, the pressure at the column is not dependent on the flow rate and falls as
t71/3 with the passage of time [3]. The size of the crack increases without limif, The length of the crack
increases by a 1/6 power law as the elastic modulus increases and the viscosity of the liquid falls, other
conditions being unchanged; the crack width decreases to the same extent,

2. A study has previously been made [6, 7] of the strain in an infinite elastic medium with a planar
circular crack with axially symmetrical deformation: the condition for finite stress of [7] is put in the
form

i
p(Rp, t) pdp . [, _ T

where p(r, t) is the pressure in the crack at distance r from the center, q,.,, =— 05() is the vertical pres-
sure in the undisrupted rock, and R(t) is the crack radius,

We have the following for the normal displacement of the edges of the crack:
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vie,t)=—vi (o) = 2RO [y T

H i
Hdu p (RP‘E’ t) Edg
+,§V}L2—pz§ Vi—g ]

By analogy with the case of a vertical crack, we get the following relations:

2v
3n ar + Z:rtr ’

1
4 R2 j v;pdp —Q=0
]

p(0, H)=pc(1)-
For t = 0 we have R(0)-R, and
QO) =4,

2.2)

(2.3)

(2.4)

2.5)

We int 1ntroduce mobile elliptical coordinates s and y related to the cyhndrlcal coordinates r and z by
RV + % V1 - u*, z = Rsp; at the surface of the crack we have s = 0, r =RY1— 4%, and the values 0 =y <1

correspond toz=+0,and—1 =u=<0toz=-0,
We have the relationships p(u, t) = p[R(t)[Vl—ui, t] and
vip, By =vF [ROVT—=1% 1],
which allow (2.1)-(2.5) to be put as

1
\S p(”a d”“sz“‘O

(2.12)
3 !
) = — ndn P& OEE | .
v, 1) nR(t)[ qmu—kgw_mwhnz 1\ V&—nz : (2.22)
4 —
T Qsignp = 0; (2.3)
i
2aR? (1) | v(u, t)pdp —Q =0, (2.42)
—1 .
r, B)=pc(?), (2.53)

where, as in the case of a vertical crack, we have used dimensionless quantities
R, instead of /.

The pressure of the liquid is put as
P(Hvt) = pe (£} + _% Pu(t) Po(p),

where P,(u) are Legendre polynomials.

From (2.1a) we have

Pelt) =Gze0.

. The unit of length is here

(2.6)

(2.1b)

- We restrict ourselves to a single term in sum of (2.6): then (2.1b) and (2.52) give Ap(t) = p,(t) -

w = Po(t), and from (2.2a)-(2.4a) we get
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v(w, t) = 57 R(?) Ape (1) u%; (2.2b)
2L RApt(1 — u?)p® — Qsignp — 0
355 BPAPc uHp® —Qsignp =0, (2.3b)

. 3 7
(SIgnu =5 Pi(w)—5 Ps(w)+ )
BRSAD, — Q = 0, ([3 =2~ 2,13). ; ' (2.4b)
We multiply (2.3b) by Py (1) = ¢ and integrate from —1 to + 1 to get

aRApi—Q =0, [a =g 2o~ 0.208). 2.7)

If the injection pressure at the column is constant, we have from (2.4b) and (2.7) that

Q= aApé exp %Apﬁt; Q = pAp; exp B APc
16 )
R = exp 3% Apgt; 2d, = 57 Apc exp ?% Aplt.

The growth of a horizontal circular crack is of the same type as that of a vertical crack.,

If the flow rate is constant, we have for a developed crack that
Y3 \1/9
RO
16 -
2d, = = (oczﬁ) i/9oil3t1/9.

By analogy with the case of a vertical crack, the pressure at the column is independent of the flow
rate and has the t~1/% time dependence; the crack radius increases in accordance with a 1/9 law as the
elastic modulus of the rock increases and as the viscosity of the liquid falls; the crack width decreases
as a 2/9 power.

3. We estimate the characteristic parameters of crack growth for E = 10°kgf/cm?, v =0.2, and n = 1
cP; we assume that initially the crack grows at a constant pressure Ap, =10 kgf/cm? up to some 1nstant
t;, where the maximum oufput of the pump of 6 m ®/min is reached. Then the crack receives 30 m® of liquid
for a period of 5 min at a constant flow rate Q of 6 m?/min.

For the case of the vertical crack we assume h = 10 m, [, =10 cm; then we find t; = 3.1 sec, and at
the end of the process we have [ =297 m, 2d, = 0.86 cm, Ap; =1.12 kef /em?,

In the case of a horizontal crack with Ry = 10 cm we have t, = 15.3 sec, and at the end of the pumping
we have R =101 m, 2d,, = 0.251 cm, Apg = 1.56 kgf/cm?,
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